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Abstract—Conjugate heat transfer has been studied in an enclosure which consists of a conducting vertical
wall of finite thickness with a uniform heat input, an insulated vertical wall and two horizontal walls at a
heat sink temperature. The relative heat removal contribution by conduction in the solid wall to that by
natural convection in the fluid enclosure, as well as the temperature and temperature gradient on the fluid—
solid interface have been obtained for Rayleigh numbers, Ra, between 10 and 107, solid—fluid conductivity
ratio, R, between 0.5 and 50, dimensionless solid wall thickness, W, between 0.05 and 0.25 and enclosure
aspect ratio, A, between 0.1 and 10. The results indicate that for low Ra, high R, and W at small and large
A, the heat transfer process is dominated by the heat conduction in the solid wall. For high Ra, low R,
and W at moderate A, strong interaction between conduction in the solid wall and convection in the fluid
influences the heat transfer.

INTRODUCTION

CONIUGATE heat transfer is involved in many practical
problems where convective heat transfer occurs on the
surfaces of a conducting solid wall of finite thickness.
Since the early assertion by Luikov er a/. [1] on the
necessity of taking into account wall conduction in
such problems, numerous studies on the coupling of
solid wall conduction with fluid convection have been
reported in the literature. In relation to the present
work, Koutsoheras and Charters [2] investigated,
numerically, the natural convection in a rectangular
enclosure heated from the bottom, with the left wall
being a conducting wall of finite thickness. Meyer et
al. [3] studied a similar problem but included some
experimental results to confirm their numerical com-
putation. Kim and Viskanta [4] in their computational
study considered not only the effect of wall conduc-
tion, but also wall radiation in a rectangular enclosure
with all four walls being conducting solid walls of
finite thickness. They also presented further detailed
experimental results on the influence of wall con-
duction for similar geometry [5].

The present study is motivated by electronic cooling
applications. Heat producing electronic components
are often mounted on a printed circuit board (PCB)
above a conducting plate. The heat produced is then
transferred, both by conduction through the plate te
its two ends and by natural convection in the sur-
rounding fluid to the heat sinks. As a result, the heat
removing rate from the electronic components will
depend on the coupling of the wall conduction and
the fluid convection. It is of interest to understand
when this coupling is important, since it will directly

1 Author to whom correspondence should be addressed.

influence the temperature distribution among the
components and thus the design of heat removing
mechanisms in practical applications.

PHYSICAL MODEL AND NUMERICAL METHOD

The physical model considered is shown in Fig. 1.
A uniform heat flux is exerted on the left wall of a
rectangular enclosure which is of conductivity k, and
thickness w. The right wall of the enclosure is assumed
to be insulated. The two horizontal walls are at heat
sink temperature 7. Other relevant geometrical
dimensions are given in the figure.

The numerical analysis of the physical situation
depicted in Fig. 1 was carried out by using a two-
dimensional model, developed earlier by the present
authors, for studying natural convection in enclosures
which may be partially divided and may contain par-
titions of various geometries [6}. The flow is assumed
to be steady, laminar and the Boussinesq approxi-
mation is used to account for the density variation.
The mathematical model is briefly described below.

g—z+g—;=0 m
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Boundary conditions are (see Fig. 1)

u=p=>0 on the walls of the enclosure
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aspect ratio, H/L

heat capacity [J kg™ ' K™ ']
acceleration due to gravity [m s~
cavity height [m]

thermal conductivity [W m~2 K~ ']
cavity width including solid wall [m]
fluid cavity width [m]

pressure, pum+4qgy [Pa]
dimensionless pressure, pL?/(ga?)
Pr Prandtl number, m/o

Q dimensionlesy heat flux defined by

CRISECELELNOIN

equations (9) and (10)

q heat flux [W m~?]

q, dimensionless heat flux at solid—fluid
interface

R, dimensionless conductivity ratio, k, /k;
Ra  Rayleigh number, gBAT . L*/(ma)
T temperature [K]

u,v  fluid velocity in x and y directions [m s~ ']

U dimensionless fluid velocity in x
direction, uL/x

4 dimensionless fluid velocity in y
direction, vL/a

x,y Cartesian coordinates

X dimensionless distance on x axis, x/L
Y dimensionless distance on y axis, y/L

NOMENCLATURE

w dimensionless solid wall thickness, w/L
w solid wall thickness [m].
Greek symbols

o thermal diffusivity, k/(gc,) [m> s~ ']

B thermal expansion of fluid [K ~']

AT,... temperature difference, gL/k;

n relative heat removal factor, Q,./0,

® dimensionless temperature,
(T_ Tc)/A Tmax

A dimensionless dynamic viscosity, g,/

u dynamic viscosity [kgm~"'s~"]

v kinematic viscosity [m? s~ ']

o fluid density [kg m~?].

Subscripts

C cold wall

f fluid

h hot wall

p solid

t top horizontal bounding wall with width
L

ts solid portion of the top horizontal wall
with width w

1 left wall

2 right wall.

g=constant onx =0, y=0-H

6T__0 =L y=0-H
e onx=L,y=
T=T, onx=0-L,y=0and H.

The non-dimensional equations are obtained by using
non-dimensional parameters defined in the nomencla-
ture as
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FiG. 1. Enclosure with left conducting solid wall of thickness
w.
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where A and R, are equal to 1 in the fluid region and
A =10", R, = k,/k;in solid region.

Based on the above model, the dimensionless heat
flux leaving from the top horizontal bounding wall is

defined as
1(oe
Ay dY

while the heat flux leaving from the solid portion of
the top horizontal bounding wall is

1 (%60
A4 )y Y
The relative heat removal contribution by conduction

in the solid wall from the top horizontal wall is thus
defined as

o = dx 9)

Y=4

dX.

Y=4

Q. = (10)
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O
"=
The dimensionless heat flux on the solid interface is
defined by

an

orT oT
-_kréx;x: ——kpzﬁ?);
q,(X;) = p = (12)

Obviously, for the present study, Q,, 7., and ¢,(X})
will directly reflect the intensity of the interaction
between conduction in the solid wall and convection
in the fluid. A higher Q,, lower #, and higher ¢,(X,)
will imply a more intensive interaction in the system.

The numerical solution method used is the
SIMPLER method [7]. Details of the program have
been presented elsewhere [6] and will not be repeated
here. Three different mesh sizes of 25 x 25, 40 x 40 and
80 % 80 have been used in the study. The finest size
80 x 80 was used for cases with a large aspect ratio 4
when the effective heat transfer surface, i.e. the two
horizontal walls are relatively small. In all the com-
putations, the energy balance within the system was
kept at 0.1% combined with mass conservation within
1073 (0.5 x 10~ ? was used for finest mesh size 80 x 80
since the grid number is greatly increased in this situ-
ation).

Typical number of iterations on IBM 3090 with 17
mips was about 50. For the cases with aspect ratio
A > 2, the accuracy criterion was achieved using iter-
ations above 100.

RESULTS AND DISCUSSION

To understand the interaction between conduction
in the solid wall and convection in the fluid, numerical
computation has been generated for different com-
binations of Ra, R,, W and 4 in respect to their
influences on @, n,, ¢,(X,) and the interface tem-
perature distribution. Pr was taken as 0.71 for all
cases studied.

Figure 2 shows the influence of Ra on Q, and », for
three R, values of 1, 10 and 50. With increasing Ra,
Q. generally increases since higher Ra means more

Fi1G. 2. Influence of Ra on %, and @, for different R, with
A=1 W=01
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Fi1G. 3. Temperature variation along Y on solid-fluid inter-
face for different Rawith R, =10, 4 = l and W = 0.1.

intensive convection in the fluid enclosure. This cor-
responds to the decrease of y,. However, this tendency
of @, increasing with Ra slows down for higher R;.
As indicated in the figure, when R, = 50, almost all
the heat is removed by conduction in the solid portion
of the horizontal wall and #,is about 90% . This means
little heat is transferred into the fluid for stimulating
natural convection. Thus Q, is kept around 0.5 for
R, = 50. This should be so, since in the conduction
limit, the heat removed from the top and bottom
horizontal walls will be equal while the total dimen-
sionless heat input is 1.0.

The above overall results can be further explored
by the temperature and heat flux distributions on the
solid~fluid interface shown in Figs. 3 and 4. For
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Y

FiG. 4. Local heat flux along Y on solid—fluid interface for
different Rawith R, = 10, 4 = 1 and W = 0.1.
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FIG. 5. Isotherms and streamlines for (a) Ra = 10° and (b) Ra = 10° with R, =10, 4 =1 and W =0.1.
Streamlines are on the left and isotherms on the right.

Ra = 10°, which is almost identical to the case for
pure conduction, a sine-like heat flux is present on
the interface as there is no convection in the fluid.
Correspondingly, a sine-like temperature distribution
appears on the interface. However, when Ra increases
to 10, strong interaction between wall conduction
and fluid convection is observed. The higher Ra means
more heat input ¢, and as a result more heat is added
to the fluid to intensify the fluid convection. The inten-
sified fluid convection, in turn, enables more heat to
be received by the fluid through convective heat trans-
fer on the interface. This results in an increase of Q,
and a decrease of #, as shown in Fig. 2. With the
intensifying of convection in the fluid, more heat is
brought to the upper portion of the fluid enclosure.
In the mean time, the solid wall temperature decreases
due to heat loss by the intensified convection. There-
fore, in the upper portion of the enclosure, the fluid
is at a higher temperature than the solid wall and
heat is transferred from the fluid to solid wall. This
phenomenon can be examined in Fig. 5 where the flow
and temperature fields are produced for Ra = 10* and
10°. It can be seen that in Fig. 5(b), the fluid tem-
perature is higher near the left upper part than that
of the solid wall. The same is not observed in Fig. 5(a)

for Ra = 10°. This phenomenon for Ra = 10° results
also in the negative ¢,(X,) shown in Fig. 4. Further, a
non-sine like temperature distribution on the interface
space is also present.

The variation of Q, and #, as a function of R, is
shown in Fig. 6. With increasing R,, Q, = 0.5 and
1, > 85%. This suggests that the heat is mainly
removed by the solid wall conduction. Only less than
15% heat removal is attributed to the fluid convection.
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FiG. 6. Influence of R, on 5, and Q, for Ra = 10° and 10°
with4d =1, W=0.1.
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FiG. 7. Temperature variation along Y on solid—fluid inter-
face for different R, with Ra = 10°, 4 = 1 and W = 0.1,

This means that for practical applications, if the con-
ductivity of the PCB plate is relatively high, natural
convection will not be a significant concern.

The above phenomena can be further examined by
studying the effect of R, which is presented in Figs.
7 and 8. When the solid wall possesses the same con-
ductivity as that of the fluid, i.e. R, = 1, the solid wall
presents no advantage over the fluid on heat transfer.
As a result, due to the small thickness of the wall, only
little heat is transferred longitudinally in the solid wall
to its two ends while most heat is transferred to the
fluid. Thus, the convection in the fluid is intensified
and a strong non-sine like higher temperature dis-
tribution ®(X,,) and a higher heat flux ¢,(X,) become
present on the solid—fluid interface as shown in Figs.
7 and 8. As a result, a higher Q, and lower », are
observed in Fig. 6.

When R, increases, the situation becomes different.
As indicated in Fig. 7, when R, > 10, due to higher
conductivity of the solid wall, the heat is effectively
transferred longitudinally in the solid wall to #s two
ends and less heat is received by the fluid. Therefore,
the significance of natural convection is reduced. The
influence of the fluid natural convection on the solid
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Fi1G. 8. Local heat flux along Y on solid~fluid interface for
different R, with Ra = 10°, 4 = 1 and W =0.1.
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FiG. 9. Local heat flux along Y on solid-fluid interface for
different W with Ra = 10, R, = 10and 4 = 1,

wall conduction process is also diminished. A sine-
like temperature distribution is followed on the inter-
face, as shown in Fig. 7. Also, a much lower interface
heat flux ¢(X,) is observed in Fig. 8. When R, = 40,
g,(X}) on the interface is so low that only little heat is
transferred to the fluid for stimulating natural con-
vection. As seen in Fig. 6, for the same conditions as
Fig. 8, the amount of heat removed is about 95% by
solid wall conduction and the rest by convection.

The solid wall thickness W also influences the coup-
ling between conduction in solid wall and convection
in fluid in a similar way to R,. In fact, a larger W has
the same effect as a larger R; on increasing longi-
tudinal conduction in the solid wall and thus less
convection in fluid. As shown in Figs. 9 and 10, with
increasing W, a lower ¢,(X,) is observed on the solid-
fluid interface. Also, the temperature on the interface
approaches a sine-like distribution which implies less
of an influence of fluid convection on the solid wall
heat conduction.

The influence of the fluid enclosure aspect ratio A
is shown in Figs. 11 and 12. When 4 is small, such as
A <1, @, is close to its conduction limit value of 0.5
and #, higher than 90% regardless of R, value. This
phenomenon can be explained as follows: as shown
in Fig. 12, for a small aspect ratio such as 4 = 1.0,
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FiG. 10. Temperature variation along Y on solid—fluid inter-
face for different W with Rz = 10°, R, = 10and 4 = |,
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F1G. 11. Influence of 4 on #, and Q, for R, = 10, 50 with
Ra=10°, W=0.1.

heat can be easily conducted longitudinally in the
solid wall to its two ends due to the relative short
conduction length. Thus only little heat is transferred
to the fluid for convection and a lower Q, and higher
n, result. Similarly, lower Q, and higher #, are also
observed for a large aspect ratio of 4 = 10 in Fig. 11.
However, the physical situation is different from the
case of small A. For 4 = 10, as indicated in Fig. 12,
much more heat is transferred to the fluid than in the
case of A = 1. The reason is that a larger 4 makes
heat difficult to be transferred by longitudinal con-
duction in the solid wall to its two ends. However,
even if the fluid receives more heat, the narrow fluid
enclosure strongly restricts the development of
natural convection. Thus, the heat transfer mech-
anism in the fluid is dominated by conduction. Since
the conductivity of the solid wall is much higher than
that of the fluid (R, = 10), more heat is transferred to
heat sinks by solid wall conduction. This results in the
lower @, and higher #, in Fig. 11.

It is therefore easier to understand that a maximum
0, and a minimum #, exist for a moderate aspect ratio
of about 4 = 4 in Fig. 11. For this case, even though
the solid wall height is much smaller than that for
A = 10, and that the heat is transferred easier by con-
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FiG. 12. Local heat flux along Y on solid—fluid interface for
different 4 with Ra = 10°, R, = 10 and W = 0.1.
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duction longitudinally in the solid wall to its two ends,
almost the same amount of heat is transferred to the
fluid. This is due to the strong interaction between
conduction in the solid wall and convection in fluid.
Asshown in Fig. 12, a negative ¢,(X,,) is again present
on the upper portion of the interface which implies a
net heat transfer from fluid to solid wall. The same
negative g,(X,) has been encountered on the interface
in Fig. 4 where a very large Ra was involved which
intensified the natural convection and the interaction
between conduction and convection. The same is true
for the case of 4 = 4 considered here. The moderate
aspect ratio provides the most favorable condition to
intensify the natural convection and thus exerts more
influence on the conduction heat transfer within the
solid wall.

CONCLUSION

For an enclosure with a heated conducting side wall,
this study indicates that heat transfer is strongly
influenced by the coupling effect between solid wall
conduction and fluid convection. For a large con-
ductivity ratio R, and solid wall width W, heat transfer
is dominated by conduction in the solid wall. While
for lower R, and W, increased fluid convection enables
more heat to be transferred to fluid and the fluid
convection is further intensified. This coupling
phenomenon is observed more clearly for higher Ra
cases when more heat is added into fluid to increase
convection. The increased convection augments the
convective heat transfer on the solid—fluid interface
which results in more heat being received by the fluid
to again intensify the fluid convection. This strong
coupling effect, between solid wall conduction and
fluid convection, even produces a pure heat flux from
fluid to solid wall on the upper portion of the solid-
fluid interface. It is noted that the temperature dis-
tribution on the interface is greatly influenced by the
coupling effect. The coupling effect is also found to be
significant for enclosures of moderate aspect ratio A.
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COUPLAGE DE LA CONDUCTION DANS LA PAROI AVEC LA CONVECTION
NATURELLE DANS UNE CAVITE RECTANGULAIRE

Résumé—On ¢étudie le transfert thermique conjugué dans une cavité comprenant une paroi verticale
conductrice d’épaisseur finie avec une entrée uniforme de chaleur, une paroi verticale isolée et deux parois
horizontales a une température de puits de chaleur. La contribution d’enlévement de chaleur par conduction
dans la paroi solide comparée a celle par convection naturelle du fluide, aussi bien que la température et
le gradient de température 4 l'interface fluide-solide ont été déterminés pour un nombre de Rayleigh Ra
entre 10~ et 107, un rapport de conductivité solide-fluide R, entre 0,5 et 50, une épaisseur adimensionnelle
de paroi W entre 0,05 et 0,25 et un rapport de forme de la cavité 4 entre 0,1 et 10. Les résultats indiquent
que pour Ra faible, R, et W élevés, pour A petit et grand, le mécanisme de transfert thermique est dominé
par la conduction thermique dans la paroi solide. Pour Ra élevé, R, et W faible, 3 4 modéré, une forte
interaction entre la conduction dans la paroi solide et la convection dans le fluide influence le transfert de
chaleur.

KOPPLUNG ZWISCHEN DER NATURLIQHEN KONVEKTION IN EINEM
RECHTECKIGEN HOHLRAUM UND DER WARMELEITUNG IN DESSEN WAND

Zusammenfassung—Es wird der konjugierte Warmetransport in einem Hohlraum untersucht, der aus einer
wirmeleitenden senkrechten Wand endlicher Dicke mit einer gleichformigen Wérmezufuhr, einer isolierten
senkrechten Wand und zwei waagerechten Wiénden als Wirmesenke konstanter Temperatur besteht. Der
relative Anteil der Warmeiibertragung durch Leitung in der Wand im Vergleich zum konvektiven Anteil
wurde zusammen mit der Temperatur und dem Temperaturgradienten an der Fluid-Feststoff-Grenzfliche
ermittelt und zwar fiir folgende Parameter: Rayleigh-Zahl (Ra) zwischen 10% and 107, Verhiltnis R der
Leitfdhigkeiten von Feststoff und Fluid zwischen 0,5 und 50, dimensionslose Wandstirke W zwischen 0,05
und 0,25 sowie Seitenverhiltnis 4 des Hohlraums zwischen 0,1 und 10. Die Ergebnisse zeigen, daB fiir
kleine Werte von Ra, groBe Werte fiir R, und W (bei kieinen und groBen A) der Wirmetransportvorgang
durch die Wirmeleitung in der festen Wand bestimmt wird. Fiir groBe Werte von Ra, kleine Werte von R,
und W (bei mittlerem A) besteht eine starke Wechselwirkung zwischen der Leitung in der festen Wand
und der Konvektion des Fluids im Hinblick auf den Wirmeiibergang.

TEIUIONEPEHOC ITPY HAJIMYMH TEIUIONMPOBOASIMEN CTEHKU U ECTECTBEHHOM
KOHBEKIIMH B ITOJIOCTH NMPAMOYTOJIBHOI'O CEYEHUA

Amsoramus—Hccnenyercs conpsxeHHBIN TEMIONEPEHOC B MOJNOCTH, COCTOALIEH H3 TEIIONPOBOIAILEH
BEPTHKAJIBLHOH CTEHKH KOHEYHOHR TOJINMHBI C OAHOPOAHLIM IIOJBOAOM TEINIa, H30JHPOBAHHOM BEpTHKA-
JILHOM H IByX FOPH3OHTAJIbHBIX CTEHOK, 4€pe3 KOTOPhIE OCYLIECTBIISETCH CTOK TEIUIOBOro noroka. Omnpe-
OENAIOTCA OTHOCHTEJBHBIH BKJAA TEIUIOOTBOJA 3a CHYET TEIUIONPOBOAHOCTH TBEPIOH CTEHKH IO
CPaBHEHHIO C TEIUIOOTBOJIOM 3a CHET €CTECTBEHHOH KOHBEKIMH B 3alIOJIHCHHOM XHIKOCTBIO MOJIOCTH, a
TakXe TeMIepaTypa H TEMNEpaTypHHH IpafHEHT Ha IPaHHLE pa3fieNla XHAKOCTb—TBEPHOE TEJIO VIS
uncen Panes Ra, uamensrompmxes ot 102 o 107, oTHOWIEHMH TeIIONPOBOXHOCTEH TBEPAOro Teia H
xuakoctd R,-ot 0,5 no 50, 6espasmepHoit ToMuMHE TBepao# crenkd W-ot 0,05 1o 9,25 u oTHOWEbHI
ctopoH nosnoctu A-o1 0,1 xo 10. ITosyyeHHbie pe3yibTaThl NOKA3BIBAIOT, YTO B CIy4ae HH3KHX 3HAYEHHIH
Ra u BpICOKHX R, H W npH Majbix M GOJBLIUMX 3HAYEHHAX A4 MpolLECC TeIUIoNepeHoca OmpeneseTcs
TEILTONPOBOAHOCTBIO B TBEPHOit CTeHKe. B cyuae BhICOKHX 3HadeHHit Ra H HH3KHX R, H Ip¥ YMEPEHHBIX
3HaYeHHAX A Ha TEIJIONEPEHOC BJIMACT CHJIBHOE B3aHMOINCHCTBHE MEXAY TEIUIONPOBOAHOCTBLIO B
TBEPROH CTEHKE H KOHBEKIHEH B XXHIAKOCTH.



